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Outline 

Lars Nerger – Localization and Smoothing 

2 parts: 
 
  Lars: 

Effect of nonlinearity on ensemble smoothing 

 Paul: 
What makes on optimal localization radius? 



Effect of nonlinearity on ensemble smoothing 

Lars Nerger – Localization and Smoothing 



Ensemble smoothing 
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  Very simple (ensemble array             ) 

 Filter: 

In the numerical experiments, the matrix D̃δ is constructed using a 5th order polynomial

function (Eq. 4.10 of Gaspari and Cohn 1999), which mimicks a Gaussian function but has

compact support. The distance between the analysis and observation grid points at which

the functions becomes zero is used here to a define the localization length.

c. The smoother extension ESTKS

The smoother extension of the ESTKF is formulated analogous to the ensemble Kalman

smoother (EnKS, Evensen 2003). The sequential smoother computes a state correction at

an earlier time ti, i < k utilizing the filter analysis update at time tk.

For the smoother, the notation is extended according to the notation used in estimation

theory (see, e.g., Cosme et al. 2010): A subscript i|j is used, where i refers to the time that

is represented by the state vector and j refers to the latest time for which observations are

taken into account. Thus, the former analysis state xa
k is written as xa

k|k and the forecast

state xf
k is denoted as xf

k|k−1. In this notation, the superscripts a and f are redundant.

To formulate the smoother, the transformation equation (14) is first written as a product

of the forecast ensemble with a weight matrix as

Xa
k|k = Xf

k|k−1Gk (19)

with

Gk = 1(m) +T
(

Wk +Wk

)

. (20)

Here the relation X
f
k|k−1 = X

f
k|k−11(m) is used with the matrix 1(m) that contains the value

m−1 in all entries. The smoothed state ensemble at time tk−1 taking into account all obser-
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 Smoother: 

(Discussed, e.g. by Cosme et al., MWR 2012) 

vations up to time tk is now computed from the analysis state ensemble Xa
k−1|k−1 as

Xa
k−1|k = Xa

k−1|k−1Gk . (21)

The smoothing at time ti with i < k by future observations at different analysis times is

computed by multiplying Xa
i|i with the corresponding matrices Gj for all the analysis times

tj , i ≤ j ≤ k. Thus, the smoothed state ensemble at time ti using the observations at all

analysis times up to time tk is given by

Xa
i|k = Xa

i|i

k
∏

j=i+1

Gj . (22)

Equations (19) to (22) are likewise valid for the global and local filter variants. Thus, Gk

can be computed for the global analysis and then applied to all rows of a global matrix Xi|j,

or for the local weights of section 2b and applied to the ensemble of corresponding local

analysis domain σ.

A particular property of the smoother is that it will work even in the case that the matrix

Λ in Eq. (13) is a random matrix. This is due to the fact that the random transformation

of an analysis at time ti is contained in the forecast and analysis ensembles at future times.

d. Properties of the smoother with linear and nonlinear systems

The ensemble smoothers like the ESTKS in section 2c are optimal for linear dynamical

systems in the sense that the forecast of the smoothed state ensemble Xa
i|k with the linear

model until the time tk results in a state ensemble that is identical to the analysis state

ensemble Xa
k|k. This property can be easily derived by applying the linear model operator
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function (Eq. 4.10 of Gaspari and Cohn 1999), which mimicks a Gaussian function but has
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k|k and the forecast

state xf
k is denoted as xf

k|k−1. In this notation, the superscripts a and f are redundant.

To formulate the smoother, the transformation equation (14) is first written as a product

of the forecast ensemble with a weight matrix as

Xa
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k|k−1Gk (19)

with
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  Optimal for linear systems: 

➜ Forecast of smoothed state = analysis at later time 

  No longer true for nonlinear systems! 
 

➜ What is the effect of the nonlinearity? 

➜ Do ensembles just decorrelate? (See Cosme et al. 2010) 



Numerical study with Lorenz-96  

Lars Nerger – Localization and Smoothing 

  Cheap and small model (one of our benchmarks) 

  Global and local filters possible 

  Nonlinearity controlled by forcing parameter F 
  periodic waves up to F=4 

  non-periodic for F>4 

  Experiments over 20000 time steps 

  Vary F, smoother lag, and forecast length 

  Consider mean RMS errors 

  Tune inflation for minimal RMS errors 



Influence of forcing on nonlinearity 
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Indicator of nonlinearity: 

  Lyapunov time λ-1  
(errors grow asymptotically by e) 

  Related to error-doubling time 

Numerische Untersuchung am nichtlinearen Modell
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Abbildung 4.1: links: Die Lyapunov-Zeit lässt sich durch die Kurve �−1
max

(F ) = 0.158 +
123.8F −2.6 in Abhängigkeit des externen Antriebs beschreiben; rechts: Der Bias b nimmt
mit steigendem externen Antrieb stetig zu. Für F = {1, . . . ,7} kann der Verlauf durch die
Gerade b(F ) = 3.8712F + 2.8985 beschrieben werden.

aus der Abweichung der Zustandsvorhersage xf

k

des Ensembles von einer zweiten Vorhersa-
ge x̂f

k

=M[xa

k−1], die imWeiteren als zentrale Vorhersage bezeichnet wird. Der Unterschied
bei der Berechnung der Vorhersagen liegt in der Reihenfolge der Modellintegration und
der Bildung des Mittelwerts und kann mithilfe der Ensembledarstellung X = [x, . . . , x]
durch

X
f

k

=M[Xa

k−1]↔ X̂f

k

=M[Xa

k−1] (4.6)

gut verdeutlicht werden. Bei der zentralen Vorhersage wird somit erst der Mittelwert
gebildet und dieser anschließend integriert. Für ein lineares Modell ergibt sich zu jedem
Zeitpunkt t

k

ein Biasterm b
k

= 0, im Fall einer nichtlinearen Modelldynamik weichen die
Vorhersagen im Allgemeinen jedoch voneinander ab.

Da in den Experimenten von Verlaan u. Heemink (2001) nicht das Lorenz-96-Modell
untersucht wird, können für diesen Ansatz keine Ergebnisse übernommen werden. Daher
wird ein eigener Versuch zur Untersuchung des Biasterms in Abhängigkeit des externen
Antriebs F durchgeführt. Eine genaue Beschreibung der numerischen Umsetzung des Lo-
renzmodells erfolgt im nächsten Abschnitt.

Für die Werte F ∈ {1,2, . . . ,8} wird über einen Zeitintervall von T = 2000 Integrati-
onsschritten hinweg für jeden Zeitpunkt t

k

der Biasterm b
k

berechnet. Anschließend wird
für jeden Wert F der Mittelwert

b(F ) = 1

1800

2000�
k=201

b
k

(F ) (4.7)

bestimmt, wobei die ersten 200 Zeitpunkte nicht berücksichtigt werden, um die Spin-up-
Phase abzuwarten. Um statistisch signifikante Ergebnisse zu erhalten, wird der Versuch
zudem zehn Mal wiederholt und die Ergebnisse gemittelt.

Der Biasterm b(F ) ist in der Abbildung 4.1b) dargestellt. Für die Werte F ∈ {1, . . . ,7}
zeigt sich ein nahezu linearer Zusammenhang zwischen der Größe des Biasterms und dem

44

F 
 

Source: A. Karimi, M.R. Paul, 
Chaos 20, 043105 (2010) 

λ-1  
 



Optimal lag 
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  Assimilate at each time 
step 

  ensemble size 34, 
global ESTKF 

  Very small RMS up to 
F=4 

  Strong growth in RMS 
for F>4 

  Clear impact of 
smoother 

  RMS errors grow 
beyond an „optimal“ lag 



Impact of smoothing 
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  Optimal lag (minimal RMS error) 

  Behavior similar to error-doubling time 

  RMS error at optimal lag 

  Smoother reduces error by 50% for all F>4 



Vary forecast length (F=5) 
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  Forecast length = time steps over which nonlinearity acts on ensemble 

  Optimal lag shrinks, then stagnates 

  RMS errors grow for filter and smoother 

  Improvement by smoother is constant 



Influence of Localization on Smoothing 

Lars Nerger – Localization and Smoothing 

  Small improvement of smoothing with localization for m=34  

  Shorter optimal lag for smaller m 

  Smoother profits more from larger m 

➜  Related to sampling quality for different m 

Optimal lag Mean RMS error of optimal lag 

Filter 

Smoother 



Smoothing with global ocean model 
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  FESOM (Finite Element Sea-ice Ocean model) 

  Global configuration 

  1.3o resolution, 40 levels 

  Horizontal refinement at equator 

  State vector size 107 

  Twin experiment for SSH 

  Ensemble size 16 

  Assimilate each 10th day 

  ESTKF with smoother extension 
(Same code as for Lorenz-96) 

  Inflation tuned for optimal performance (ρ=0.9) 



Effect of smoothing on global model 
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RMSe reduced by smoother: 

  ~15% at initial time 

  ~8% over the year 

(Not new! See e.g. Cosme et al. 2010) 

  Large impact of each lag up to 
50 days 

  Optimal lag about 90 days 

  Deterioration for very long lag 
(not only effect for inflation!) 

Optimal lag: 
90 days 



Multivariate effect of smoothing 
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-0.7% at lag 20 -2.1% at lag 50 

-0.8% at lag 30 -1.6% at lag 30 

  Multivariate impact smaller & specific for each field 

  Optimal lag dependent on field 

  Optimal lag smaller than for SSH 

➜  What is the optimal lag for multivariate assimilation? 



Summary 
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  Optimal ensemble smoothing with linear models 

  Nonlinearity influences ensemble smoothers 

  Optimal smoothing lag 

  Same inflation for filter and smoother 

  Difference in nonlinearity of dynamics and due to forecast length 

  Influence of localization 
  Optimal smoothing coincides with optimal localization length of 

filter (max. optimal lag) 

  Varying optimal smoother lag in multivariate assimilation 

  Shorter optimal multivariate lags 


